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Abstract
We discuss some geometrical aspects of the semiclassical quantization of string so-
lutions in Type IIB Green-Schwarz action on AdS5 × S5. We concentrate on quadratic
fluctuations around classical configurations, expressing the relevant differential operators
in terms of (intrinsic and extrinsic) invariants of the background geometry. The aim of
our exercises is to present some compact expressions encoding the spectral properties of
bosonic and fermionic fluctuations. The appearing of non-trivial structures on the relevant
bundles and their role in concrete computations are also considered. We corroborate the
presentation of general formulas by working out explicitly a couple of relevant examples,
namely the spinning string and the latitude BPS Wilson loop.
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1 Introduction
The geometric properties of string worldsheets embedded in a D-dimensional space-time, and
of linearized perturbations above them, have been object of various studies since the sem-
inal observation on the relevance of quantizing string models [1]. In the framework of the
AdS/CFT correspondence, the semiclassical study of strings in non-trivial backgrounds [2]
has played a crucial role, expecially in connection with the detection of the underlying inte-
grable structure [3]. At the same time it provides a powerful tool to check, at strong coupling,
exact QFT results obtained through localization procedure [4–7] for BPS [8–13] and non-BPS
observables [14–22] 1. As a matter of fact a large variety of classical string solutions have been
proposed to correspond to CFT gauge-invariant operators, Wilson loops or dimensionally re-
duced amplitudes, the original suggestions being supported beyond the leading classical order
by sometimes non-trivial calculations at one-loop order [9,18,20,22,23,25–35] (see also [36,37]
for higher order computations in special cases, the so-called homogenous solutions, for which
derivatives of the background fields are constant).
The natural setting in which these analyses have been performed is the Green-Schwarz σ-
model on AdS5×S5 [38], the relevant string background for N = 4 Super Yang-Mills gauge
theory. The first step in order to compute one-loop quantum corrections to classical solutions of
the string σ-model is of course to derive the quadratic action for the small fluctuations. Then,
1The precise match between results obtained via semiclassical quantization and the exact prediction obtained
via supersymmetric localization does not go beyond leading order in σ-model perturbation theory, see [23,24].
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after appropriate gauge-fixings conveniently chosen according to the original form of the action
(Polyakov or Nambu-Goto) and a careful definition of the path-integral measure, the problem
is reduced to the evaluation of a bunch of bosonic and fermionic functional determinants. The
geometry of the classical string background is encoded into the structure of the differential
operators entering the computations and in the possible appearance of zero-modes, affecting
the integration measure. Finally a regularization procedure, compatible with the symmetry of
the specific problem, should be exploited to derive sensible results from the formal expression
of the one-loop effective action. This project was first addressed in [9], where a systematic
treatment of the Green-Schwarz (GS) string in curved AdS5×S5 space was initiated and the
quadratic fluctuation operators in conformal and static gauges (for Polyakov and Nambu-
Goto actions) were found. A careful treatment of the measure factors and ghost determinants
was also presented. The aim of that analysis was mainly focussed on the study of particular
minimal surfaces, namely the ones associated to the straight, the circular and the antiparallel
lines Wilson loops. Some relevant formulas were somehow tailored on the specific examples
and on the use of the conformal gauge for the Polyakov path-integral. This pioneering paper
was followed along the years by many investigations, both on the open string side (mainly
minimal surfaces associated to BPS and non-BPS Wilson loops) and on the closed string side
(for example different classes of string solutions related to CFT operators). Although a large
number of results were obtained from one-loop quantum corrections, sometimes brilliantly
confirming the expectations from integrability and localization, all this analysis relied somehow
on the particular form of the classical string configuration. To further increase the effective
power of this approach, it would be desirable to have a general and manifestly covariant
formalism to describe fluctuations, which should be also independent of the particular string
solution or of the background in which the string is embedded. Here we attempt some modest
steps in this direction, collecting and generalizing some useful formulas previously appeared
in the literature and presenting the results of a series of exercises that we hope interesting for
people working in the field.
The central point of our analysis is the application of some elementary concepts of intrinsic
and extrinsic geometry to the properties of string worldsheet embedded in a D-dimensional
curved space-time. We take full advantage of the equations of Gauss, Codazzi, and Ricci
for surfaces embedded in a general background to obtain simple and general expressions for
perturbations over them. We follow and enlarge earlier investigations [9,39] 2, starting from the
Polyakov formulation and trying to present a systematic and self-consistent perspective to the
study of fluctuations in the AdS5×S5. The main result consists in general formulas for bosonic
and fermionic fluctuation operators above a classical string solution: expressions as (3.56)-
(3.59)-(3.60) and (4.22)-(4.28)-(4.31)-(4.46)-(4.47) only require as an input generic properties
of the classical configuration and basic information about the space-time background. The
inclusion of a suitable choice of orthonormal vectors which are orthogonal to the surface
spanned by the string solution will also play a major role. In particular, after fixing the
conformal gauge, it allows to decouple explicitly the longitudinal modes arriving to a final
2See also [40,41] and references therein, where this analysis has been exploited for the description of QCD
strings or stability effects for membrane solutions, and the more recent [42].
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expression, similar to ones that would be obtained in the Nambu-Goto formalism in the static
gauge for bosons. In the fermionic sector the reduction of Green-Schwarz fermions to a set of
two-dimensional Dirac spinor is equivalently accomplished. We provide explicit expressions in
terms of geometric invariants for bosonic and fermionic “masses”, noticing that in all the cases
previously analyzed simplifications occur which are associated to the flatness of the normal
bundle. While in the bosonic case similar formulas appeared before scattered in the literature,
our treatment of the fermionic case, due to the complications related to the flux term, is
somehow novel in its generality.
To proceed in the one-loop analysis, one has then to compute the functional determinants
associated to the fluctuations operators, which can be done with standard methods for func-
tional determinants (see for example [18, 23, 33–35]) and could involve many regularization
subtleties [43]. Here we do not address the problem of regularization procedure and other
important issues, as the appropriate definition of integration measure, κ-symmetry ghosts,
Jacobians due to change of fluctuation basis are also left to future investigations. These topics
should deserve a careful study, expecially when BPS configurations are considered and the
quantum fluctuations must preserve this property.
A natural generalization of our investigations concerns Type IIA and IIB string back-
grounds relevant for the AdS4/CFT3 and AdS3/CFT2 correspondences respectively: we expect
it should be possible simply exploiting some general features of their geometry. For example,
backgrounds like AdS4 × CP 3, AdS3 × S3 ×M4, AdS3 × S2 ×M5, AdS2 × S2 ×M6 (where
M4 = T 4,S3 × S1, M5 = S3 × T 2) are direct products of symmetric spaces, which results
in a structure of the Riemann tensor resembling the “separability” of (3.40) and allowing the
writing of formulas similar to (3.55)-(3.57).
In the perspective adopted in this paper, there is also no explicit reference to the classical
integrability of the Green-Schwarz superstring on AdS5 × S5 [3]. In a number of semiclassical
studies [18, 33, 35] the underlying integrable structure of the AdS5 × S5 background emerges,
for example, in the appearance of certain special, integrable, differential operators [33, 35],
whose determinants can be calculated explicitly and result in closed (albeit in integral form)
expressions for the one loop partition functions 3. The question of a deeper relation between
such geometric approach to fluctuations and the integrability of the σ-model of interest should
become more manifest within the algebraic curve approach to semiclassical quantization [52–
54], likely on the lines of [55] and is an interesting issue to be addressed in the future.
The paper proceeds as follows. The geometrical formulation of classical string solutions as
minimal surfaces is briefly recalled in Section 2. In Section 3 we discuss the bosonic sector.
After reviewing previous analysis based on background field method for nonlinear σ-models and
the expansion in normal coordinates, we write the relevant contributions in terms of intrinsic
and extrinsic geometric invariants of the classical solution. We discuss the gauge-fixing and
3In another kind of perturbative analysis of the worldsheet σ-model, i.e. the perturbative evaluation of the
massive S-matrix for the elementary excitations around the BMN vacuum [44–46] (see also [15,47] for reviews),
the one-loop computation for the full AdS5 × S
5 case [48–50] (in a certain regularization scheme) reproduces
exactly the results [51] predicted by (symmetries and) quantum integrability.
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the decoupling of the longitudinal modes, as well as the arising of gauge connections in the
covariant derivatives associated to the structure of normal bundle. The spectral properties
are also investigated, obtaining the mass matrix and deriving some sum rules. Section 4 is
instead devoted to the fermionic sector. We explicitly obtain the fermionic kinetic terms by
performing suitable rotations that reduce the GS spinor to two-dimensional Dirac fermions
and observe the arising of normal bundle gauge connection as in the bosonic case. Then we
discuss the mass matrix that, after a careful treatment of the flux contribution, is expressed
in terms of geometrical invariants. We conclude with Section 5, where a couple of relevant
situations (the well-known spinning string solution of [2,26] and fluctuations over the minimal
surface associated to the 1/4 BPS Wilson loop operator [11, 56, 57]) are considered, in which
the general structures previously derived are exemplified.
2 The background equation
We start by recalling some basic fact about classical string theory. In particular we will review
the statement that classical string solutions are minimal surfaces, i.e. surfaces of vanishing
mean curvature. We shall deal with classical backgrounds which are extrema of the Nambu-
Goto action (fermions are of course zero at classical level)
SN.G. =
∫
Σ
d2σ
√
γ, (2.1)
where γαβ ≡ Gmn∂αXm∂βXn (α, β = 1, 2) is the induced metric, namely the pull-back of the
target space metric Gmn (l ,m , n , p , . . . = 1, . . . ,D) on the worldsheet Σ. The background
Xm solves the Euler-Lagrangian equation
∂α
(√
γγαβGmn∂βX
n
)
− 1
2
√
γγαβ∂mGnp∂αX
n∂βX
p = 0 , (2.2)
which is conveniently rewritten as follows
GmnX
n =
1
2
γαβ∂mGnp∂αX
n∂βX
p − γαβ∂αXp∂pGmn∂βXn (2.3)
where  = 1√γ ∂α(
√
γ γαβ ∂β) is the covariant Laplacian on worldsheet scalars. Introducing
Γmnp, the Christoffel connections for Gnp, we have
Xm + γαβ Γmnp ∂αX
n∂βX
p = 0 . (2.4)
The covariant Laplacian can be further expanded in terms of the induced metric γαβ and the
related Christoffel connections Λραβ to find
γαβ(∂α∂βX
m − Λραβ∂ρXm + Γmnp∂αXn∂βXp) ≡ γαβKmαβ = 0 , (2.5)
where the second fundamental form Kmαβ of the embedding (or extrinsic curvature) has been
introduced. Then, the string equation of motion simply states that the mean curvature Km
vanishes
Km ≡ γαβKmαβ = 0 . (2.6)
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As a matter of fact the extrinsic curvature is automatically orthogonal to the two vectors
tmα ≡ ∂αXm (α = 1, 2), tangent to the worldsheet,
Gmnt
m
αK
n
ρσ = 0. (2.7)
Physically this means that only D − 2 of the D equations in (2.6) are independent and they
govern the D − 2 transverse degrees of freedom. The longitudinal ones are obviously gauge
degrees of freedom.
The same result can be of course recovered from the Polyakov action
SP. =
∫
Σ
d2σ
√
hhαβGmn∂αX
m∂βX
n (2.8)
where the 2d worldsheet metric hαβ is now an independent field. In this case the dynamical
equations for the embedding coordinates Xm are slightly different and read
hX
m + hαβΓmnp∂αX
n∂βX
p = hαβKmαβ + h
αβ(Λραβ − Γ˜ραβ)∂ρXm = 0, (2.9)
where h denotes the covariant Laplacian and Γ˜ the Christoffel symbols for the auxiliary
metric hαβ , whereas Λ are the ones for the induced metric. But if we use that the algebraic
equation for the metric field hαβ is solved by hαβ = e
ϕγαβ, the last term in (2.9) vanishes,
hαβ(Λραβ − Γ˜ραβ) = 0, (2.10)
and the string equation of motion again reduces to (2.6).
3 Bosonic Fluctuations
In this section we shall discuss the action for bosonic fluctuations around a classical back-
ground. After reviewing previous analysis [9, 39] based on background field method for non-
linear σ-models and the virtues of the expansion in “geodesic” normal coordinates [58], we
write the relevant contributions in terms of intrinsic and extrinsic geometric invariants of the
classical solution.
3.1 The bosonic Lagangian
We will discuss the bosonic fluctuations starting from the Polyakov action
S =
∫
d2σ
√
hhαβ∂αX˜
n∂βX˜
mGmn(X˜). (3.1)
A well-known subtlety of the expansion of a non-linear σ-model around a classical background
Xm [58] is that writing it as a power series in terms of fluctuations, defined as δXm = X˜m−Xn,
does not lead to a manifestly covariant expression for the series coefficients. As a matter of fact
the difference between coordinates values at nearby points of the manifold does not transform
simply under reparametrization. The easiest way to obtain a manifestly covariant form for the
coefficients is to take advantage of the method of normal (or Riemann) coordinates, expressing
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δXm as a local power series in spacetime vectors, those tangent to the spacetime geodesic
connecting Xm with Xm + δXm [58]. More precisely one considers a geodesic Xm(t) with t
parametrizing the arc length such that
Xm(0) = Xm and Xm(1) = X˜m. (3.2)
Solving then the geodesic equation for Xm(t)
X¨m(t) + ΓmnpX˙
n(t)X˙p(t) = 0 (3.3)
in terms of the tangent vector to this geodesic in t = 0
ζm ≡ X˙m(0) (3.4)
one finds
Xm(t) = Xm + tζm − 1
2
t2Γmnpζ
nζp +O(t3). (3.5)
For t = 1, this means 4
X˜m = Xm + ζm − 1
2
Γmnpζ
nζp +O(ζ3) ⇒ X˜m −Xm = ζm − 1
2
Γmnpζ
nζp +O(ζ3) . (3.6)
where Γmnp ≡ Γmnp(Xm). The difference δXm = X˜m−Xm is now the desired local power series
in the vector ζm, which can then be conveniently used as a fundamental variable. Combining
the expansions of the derivatives of the embedding coordinates
∂αX˜
m=∂αX
m+∇αζm−∂αXnΓmnrζr−
1
2
∂αX
r(∂rΓ
m
np−2ΓmnlΓlrp)ζnζp−Γmnpζn∇αζp+O(ζ3) ,
where ∇αζm ≡ ∂αζm + Γmnp ∂αXn ζp, with the contribution of the target metric
Gmn(X˜) = Gmn(X) +
(
ζr − 1
2
Γrpqζ
pζq
)
∂rGmn(X) +
1
2
ζrζs∂r∂sGmn(X) +O(ζ
3), (3.7)
we find the fluctation action in the Polyakov formulation (3.1) (see [39] for example)
S = S
(0)
B (X) +
∫
d2σ
√
hhαβ [∇αζm∇βζnGmn −Rrm,snζrζs∂αXm∂βXn] +O(ζ3). (3.8)
The term S
(0)
B (X) denotes the classical action, while the second one describes the quadratic
fluctuations and it will be denoted with S
(2)
B in the following. In order to have a canonically
normalized kinetic term it is convenient to introduce a set of vielbein EAm (A,B, ... = 1, ...,D)
for the target metric
Gmn = ηABE
A
mE
B
n (3.9)
4 At quadratic level for fluctuations, the term linear in ζ does not play a crucial role. In fact it yields only
contributions which are proportional to the equation of motions:
S = S0 +
∫
d
2
σ
δS
δX˜m
∣∣∣∣
X˜=X
ζ
m −
1
2
∫
d
2
σ
(
δS
δX˜mδX˜n
∣∣∣∣
X˜=X
ζ
m
ζ
n −
δS
δX˜m
∣∣∣∣
X˜=X
Γmabζ
a
ζ
b
)
.
However, its introduction allows to simplify the algebra involved in the computation.
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and a set of zweibein eaα (a, b, ... = 1, 2) for hαβ. In terms of the redefined fluctuations fields
ξA = EAmζ
m , (3.10)
the quadratic fluctuation action for bosons becomes [9, 39]
S2B =
∫
d2σ
√
h [hαβDαξ
ADβξA −MA,BξAξB ], (3.11)
where the mass matrix [9, 39]
MAB = RAM,BN t
aM tNa (3.12)
is defined through two vectors tangent to the worldsheet
tAa = E
A
me
α
a∂αX
m , (3.13)
and the covariant derivative now reads
Dαξ
A = ∂αX
A +ΩABmξ
B∂αX
m, (3.14)
where the spin-connection ΩABm replaced the usual Christoffel symbol. To better understand
the geometrical structure of the Lagrangian (3.11), we introduce (D − 2) orthonormal vector
fields NAi orthogonal to the worldsheet, and decompose the field ζ
A in directions tangent (xa)
and orthogonal (yi) to it
ξA = xatAa + y
iNAi a = 1, 2 and i, j, k, l = 1, . . . ,D − 2. (3.15)
As is well-known from the general theory of submanifolds [59], this decomposition carries over
to the covariant derivatives and one finds
taADβξ
A = Dβxa −KaAβNAi yi , N iBDβξB = Dβyi + xaN iBKBaβ . (3.16)
Here Dα is the covariant derivative on the worldsheet and it acts differently on xa and yi
Dαxa ≡ ∂αxa + ωabαxb and Dαyi ≡ ∂αyi −Aijαyj , (3.17)
since xa lives in the tangent bundle of the worldsheet, while yi is a section of the normal
bundle. The connection Aijα on the normal bundle
5 is given by
Aijβ ≡ N jBDβN iB = NBj (∂βN iB −N iC ΩCBβ). (3.18)
As usual the action of Dα on tensors with indices on both bundles is obtained combining the
two actions in (3.17). The tensor KaAβ = EAme
aαKmαβ in (3.16) is the extrinsic curvature
(2.5) of the embedding expressed in a mixed basis. In the following we will make use of the
Gauss-Codazzi equation
RACBDt
A
α t
C
ρ t
B
β t
D
σ =
(2)Rαρβσ + ηABK
A
ρβK
B
σα − ηABKAρσKBβα , (3.19)
5The normal bundle is an SO(D− 2) bundle and Aijα is a gauge connection induced on this bundle by the
classical solution.
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an integrability condition relating the curvature (2)Rαρβσ to the extrinsic and background
geometry as characterized by the extrinsic curvature KAαβ and the space-time Riemann tensor
RACBD. Another useful constraint on the covariant derivative of the extrinsic curvature is
provided by the Codazzi-Mainardi equation
DαKiβγ −DβKiαγ = RMNRStMα tNβ tSγNRi [Kiαβ ≡ KAαβN iA] . (3.20)
Taking into account (3.19), (3.20) and the equation of motion (2.6) for the background, the
quadratic Lagrangian (3.11) finally appears to be
L =
√
h
[
(hαβDαxaDβxa −(2)Rabxaxb) + hαβDαyiDβyi−
− 2hαβ(DαxaKi,aβyi −DαyixaKi,aβ)− 2maixayi −mijyiyj
]
.
(3.21)
Above, the matrices appearing in the mass terms are defined as follows
mai = −hαβ∇αKi,aβ and mij = RAM,BN tcM tNc NAi NBj − hαβhρσKi,αρKj,βσ. (3.22)
So far we have treated the independent metric hµν as a non-dynamical field. We should recall
that in Polyakov’s formulation also hµν fluctuates,
hµν = hˆµν + ˛hﬄµν , (3.23)
with respect to a classical background hˆρσ = e
ϕγρσ which solves the equations of motion. In
particular this means that all the hµν appearing in the previous analysis must be replaced with
hˆρσ. The quadratic part of the Polyakov action involving the fluctuations ˛hﬄµν pedantically
reads
S˛hﬄ =
∫
d2σeϕ
√
γ
[
1
4 (γ
σµγρν + γσνγρµ − γµνγρσ )˛hﬄµν ˛hﬄρσ−
− (Dµxν +Dνxµ − γµνDαxα − 2yiKiµν )˛hﬄµν
]
,
(3.24)
where xα = eαax
a. Of course (3.24) only depends on the traceless part ¯˛hﬄµν of ˛hﬄµν as required
by Weyl invariance. To deal with the quadratic fluctuation (3.21) and (3.24), we have different
possibilities. For instance, we can choose the conformal gauge for the metric fluctuations
˛hﬄµν = e
ϕγµνδϕ. (3.25)
The action S˛hﬄ then vanishes identically, while the ghost action associated to the choice (3.25)
is
Lghost = 1√
2
bµνδdiff.c
(
˛hﬄµν − 1
2
γµνγ
αβ ˛hﬄαβ
)
=
1√
2
bµν(Dµcν +Dνcµ − γµνDαcα). (3.26)
Here δdiff.c is the BRST variation under diffeomorphism of hµν with parameter c, and the ghost
bµν is a symmetric traceless tensor. The full ghost contribution is therefore encoded into a
functional determinant, obtained by integrating over c and bµν . It will correct the one-loop
quantum result of the bosonic fluctuations, as we will see in the following. Concretely the
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computation of the ghost determinant means here to solve the following eigenvalue problem
in the background geometry

1√
2
(Dµc(n)ν +Dνc(n)µ − γµνDαcα(n)) = λnb(n)µν
−
√
2Dµbµν(n) = λncν(n).
(3.27)
From the first equation for bµν one gets
− (cν(n) +Rνµcµ(n)) = λ2ncµ(n) (3.28)
and therefore the ghost determinant is
△gh =
∏
n
λn =
(∏
n
λ2n
)1/2
=
[
det(−δνµ −Rνµ)
]1/2
. (3.29)
We can now decouple the longitudinal fluctuation (xa) from the transverse ones (yi). We start
from the action (3.21), and derive the equation of motion for the fluctuation parallel to the
worldsheet:
xα +Rαβx
β = DβBβα , Bαβ = 2yiKiαβ (3.30)
where we introduced the traceless tensor Bαβ. This equation can be equivalently written as
follows
P1(x)αβ = Dβxα +Dαxβ − γαβDρxρ = B‖αβ (3.31)
where we have introduced a projector P1, acting on the space of vectors and producing sym-
metric traceless tensors. We can conveniently decompose the traceless symmetric tensor Bαβ
into B
‖
αβ + B
⊥
αβ, with B
‖
αβ ∈ range(P1) and B⊥αβ ∈ range(P1)⊥ = Ker(P †1 ). We remark that
we will be only interested in worldsheet with the topology of the sphere or the disc, where
B⊥αβ = 0 and thus Bαβ = B
‖
αβ
6. Considering now a solution x¯ of (3.31) and performing
the shift xa 7→ x¯a + xa in the path-integral, all mixed terms xy in (3.21) disappear and an
additional contribution shows up in the quadratic action
x¯αDβBαβ = Dβ(x¯αBαβ)− 1
2
BαβBαβ = −2yiyjKiαβKjαβ . (3.32)
We are left therefore with the quadratic Lagrangian
L ≡ Llong + Ltransv (3.33)
where
Llong = √γ(γαβDαxaDβxa −(2)Rabxaxb) (3.34)
and
Ltransv = √γ(γαβDαyiDβyi −Mijyiyj) ,
Mij = RAM,BN tcM tNc NAi NBj +Ki,αβKαβj .
(3.35)
6This fact corresponds to the the well-known property of the absence of non-trivial Beltrami differentials at
genus 0.
10
After the above redefinition, the operator controlling the fluctuations xa parallel to the world-
sheet in (3.34) coincides with the one appearing in the ghost determinant (3.29), but we remark
that this does not mean in general that the corresponding determinant will be simply can-
celled by the ghost contribution. For instance in the case of open strings different boundary
conditions should be imposed for the two determinants. Moreover the treatment of the ghost
operator requires additional care since it might contain zero modes associated to the Killing
vectors of the worldsheet metric γαβ.
We can reach the same expression for Ltransv following an alternative way. Instead of setting
to zero the traceless part ¯˛hﬄµν of ˛hﬄµν by choosing the conformal gauge fixing (3.25), we can
decouple it from the fluctuations of the embedding coordinates through the following shift
¯˛
hﬄµν 7→ ¯˛hﬄµν +Dµxν +Dνxµ − γµνDβxβ − 2yiKiµν . (3.36)
We find a quadratic algebraic action for ¯˛hﬄµν and an additional term leading to the bosonic
Lagrangian
L = 1
2
√
γγαβγρσ ¯˛hﬄαρ
¯˛
hﬄβσ +
√
γ
[
γαβDαyiDβyi − (mij + 2KiµνKµνj )yiyj
]
+
+ 2
√
γγαβ(DαxaKi,aβyi +DαyixaKi,aβ + γαβDαKi,aβxayi) ,
(3.37)
where the last line is a total divergence and can be neglected. The Lagrangian for the transverse
fluctuations is again given by (3.35). We notice that in eq. (3.37) the longitudinal fluctuations
have completely disappeared from the Lagrangian. This second way to proceed is similar to a
sort of static gauge fixing (where longitudinal fluctuations are taken to vanish). More precisely,
in the present approach the longitudinal degrees of freedom of the metric decouple, and their
role in the Lagrangian is taken by the traceless part of the metric fluctuation, which however
possesses an algebraic gaussian action. If we integrate it out, we find an ultra-local functional
determinant, whose careful regularisation and evaluation hides some of the subtleties discussed
below eq. (3.29).
Another option to get rid of the longitudinal fluctuation is to choose the static gauge fixing
xa = 0. Then (3.21) reduces to a Lagrangian for the transverse fluctuation only, with a mass
matrix given not by Mij but by mij. However we must recall that the transverse fluctuation
are still coupled to the metric fluctuations (see eq. (3.24)):
S˛hﬄ =
∫
d2σeϕ
√
γ
[
1
2 γ
σµγρν ¯˛hﬄµν
¯˛
hﬄρσ + 2yiK
iµν ¯˛hﬄµν
]
. (3.38)
If we again eliminate the metric fluctuation ¯˛hﬄµν through its equation of motion, we get back
to the mass matrix Mij and to Ltransv in (3.35).
We remark finally that starting from the Nambu-Goto action, where no dynamical worldsheet
metric is present, in the static gauge xa = 0 we would directly obtain Ltransv.
In view of the analysis above, we will focus our attention on transverse fluctuations and will
examine closely the structure of the Lagrangian in (3.35) which governs their dynamics. These
modes are in general coupled between themselves and we can distinguish two different sources
of coupling: the SO(D−2) gauge connection Aijα induced on the normal bundle and the mass
matrix Mij . In the following we shall discuss some general properties of these two objects.
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3.2 The normal bundle
Let us begin to discuss the geometric structure of the normal bundle. The curvature F ijαβ ≡
∂αA
i
jβ − ∂βAijα + AiℓαAℓjβ − AiℓβAℓjα can be easily evaluated in terms of the Riemann
curvature of the target space and of the extrinsic curvature through the Ricci equation:
F ijαβ = −RABMN tAα tBβN iMNNj − hρσ(KiραKjσβ −KiρβKjσα). (3.39)
Focussing on the case of AdS5 × S5, we see that the contribution of the Riemann tensor to
the curvature of the normal bundle vanishes identically as in flat space. In fact the Riemann
tensor for this background is given by
RAB,CD = −(PˆACPˆBD − PˆADPˆBC) + (P¯AC P¯BD − P¯ADP¯BC), (3.40)
where PˆAB is the projector on AdS5 and P¯AB is the on S
5. Obviously the sum of the two
projectors gives the identity:
PˆAB + P¯AB = ηAB. (3.41)
The contractions RABMN t
A
α t
B
βN
iMNNj can be written as
RABMN t
A
α t
B
βN
iMNNj =[(t¯α ·N¯ i)(t¯β ·N¯j)−(t¯β ·N¯ i)(t¯β ·N¯j)]−[(tˆα ·Nˆ i)(tˆβ ·Nˆj)−(tˆβ ·Nˆ i)(tˆβ ·Nˆj)],
(3.42)
where we introduced the inner product (a · b) ≡ ηCD aC bD as a product over flat spacetime
indices. Above, the hats and the bars over the vectors denote the projection of the vectors on
AdS5 and S
5 respectively, namely
Vˆ A = PˆABV
B and V¯ A = P¯ABV
B . (3.43)
We can now use that
(t¯α · N¯ i) = (t¯α ·N i) = ((tα − tˆα) ·N i) = −(tˆα ·N i) = −(tˆα · Nˆ i), (3.44)
and we remain with the following expression for the normal curvature
F ijαβ = −γρσ(KiραKjσβ −KiρβKjσα) = (γρσǫµνKiρµKjσν)ǫαβ ≡
√
γǫαβF ij (3.45)
which also holds in flat space. The normal bundle is flat when F ij,αβ = 0. In that case, we
can always choose the normal vectors N i so that Aijα = 0 and the covariant derivative acting
on the transverse fluctuations reduces to the usual one. This occurs, for instance, when the
minimal surface is confined in a three-dimensional subspace of our target space: the extrinsic
curvature is in fact not vanishing just in one normal direction [9, 60–65].
For a generic worldsheet, which solves the equation of motion in the AdS5×S5 background, the
extrinsic curvarture defines, at most, two independent vector fields normal to the worldsheet7.
7This follows from the fact that we have just two independent components of the extrinsic curvature (e.g.
Kℓ11 and K
ℓ
12). Alternatively, we can argue this result, in a covariant way, from the following matrix relation
satisfied by F :
F4 =
1
2
Tr(F2)F2.
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In fact the matrix F ij can be always put in the form
F ij = (kihj − kjhi), (3.46)
where (hi · tα) = (ki · tα) = 0 and we can choose (k · h) = 0 without loss of generality.
3.3 Mass matrix and sum rules
The next step is to examine more closely the mass matrix (3.35) for the transverse bosonic
degrees of freedom. For a generic classical background it has the form
Mij = RAM,BN tcM tNc NAi NBj +Ki,αβKαβj . (3.47)
There are few general properties of Mij that can be easily read from (3.47), since the em-
bedding equations for a sub-manifold do not provide a direct constraint on the contraction
RAM,BN t
cM tNc N
A
i N
B
j . However, its trace Tr(M) admits a quite simple and compact expres-
sion in terms of geometric quantities. If we use the completeness relation
NAi N
iB = ηAB − tAc tcB, (3.48)
we can rewrite the trace of (3.47) as follows
Tr(M) = RMN tcM tNc −RAM,BN tcM tNc tAd tdB +Tr(K2) , (3.49)
where
Tr(K2) = γαβγρσηABK
A
ρβK
B
σα . (3.50)
By mean of the Gauss equation (3.19) we can reduce the second term in (3.49) to
RAM,BN t
cM tNc t
A
d t
dB =(2)R+Tr(K2) , (3.51)
where (2)R is the two-dimensional (intrinsic) scalar curvature. This leads to the sum rule
Tr(M) = RMN tcM tNc −(2)R (3.52)
in terms of the Ricci tensor RMN and of the two-dimensional curvature. In the case of Einstein
spaces (where RMN = nGMN ) this gives Tr(M) = 2n−(2)R.
We now particularize the analysis of the mass matrix (3.47) for a string moving in AdS5 × S5
background. The Riemann tensor for the background AdS5× S5 is given in term of projectors
by (3.40). The first contribution to the mass matrix takes the form
γαβRARBSt
A
α t
B
βN
R
i N
S
j =− γρσ(tˆρ · tˆσ)(Nˆi · Nˆj) + γαβ(Nˆi · tˆα)(Nˆj · tˆβ)+
+ γρσ(t¯ρ · t¯σ) (N¯i · N¯j)− γαβ(N¯i · t¯α)(N¯j · t¯β),
(3.53)
where the hats and the bars over the vectors again denote the projection of the vectors on
AdS5 and S
5 respectively and they are defined in (3.43). The relation (3.44) easily shows that
the mixed terms in (3.54) cancel and we obtain
γαβRARBSt
A
α t
B
βN
R
i N
S
j =− γρσ(tˆρ · tˆσ)(Nˆi · Nˆj) + γρσ(t¯ρ · t¯σ) (N¯i · N¯j). (3.54)
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With a small abuse of language we shall introduce the following notations
m2AdS5 ≡ γρσ(tˆρ · tˆσ) and m2S5 ≡ −γρσ(t¯ρ · t¯σ). (3.55)
Then the complete mass matrix is given by
Mij =−m2AdS5(Nˆi · Nˆj)−m2S5 (N¯i · N¯j) +KiαβKαβj . (3.56)
It is worth noticing that the two scalar quantities m2AdS5 and m
2
S5 can be computed in terms
of the two-dimensional scalar curvature (2)R and Tr(K2). We first observe that
m2AdS5 −m2S5 = γρσ(t¯ρ · t¯σ) + γρσ(tˆρ · tˆσ) = γρσ(tρ · tσ) = 2, (3.57)
while another relation between these two quantities can be obtained from Gauss equation
(3.19) in its contracted form. After some simple manipulations we end up with
(2)R+Tr(K2) =γαβγρσRACBDt
A
α t
C
ρ t
B
β t
D
σ = m
4
S5 −m4AdS5 + (tˆc · tˆd)(tˆd · tˆc)− (t¯c · t¯d)(t¯d · t¯c) =
=− 2(m2S5 + 1) . (3.58)
We finally obtain:
m2AdS5 = −
1
2
((2)R+Tr(K2)) + 1 and m2S5 = −12
((2)
R+Tr(K2)
)− 1. (3.59)
The results (3.59) simplify the explicit evaluation of the trace of the mass matrix Tr(M) for
the case of AdS5 × S5. Since RMN = −4 PˆMN + 4P¯MN , we find
Tr(M) =RMN tcM tNc −(2)R = −4(m2S5 +m2AdS5)−(2)R = 4
((2)
R+Tr(K2)
)−(2)R =
=3 (2)R+ 4Tr(K2) .
(3.60)
The structure of the mass matrix (3.56) can be further constrained assuming particular prop-
erties for the classical background. The simplest geometrical configuration is when in (3.56)
either tˆc = 0 or t¯c = 0 (c = 1, 2). In that case the minimal surface Σ is confined in one of the
two spaces: AdS5 if t¯c = 0 or S
5 if tˆc = 0. Let us focus on the first possibility; the second one
can be discussed in complete analogy. The mass matrix then reduces to
Mij =− 2(Nˆi · Nˆj) +KiαβKαβj , (3.61)
where we have used that m2S5 = (t¯c · t¯c) = 0 and m2AdS5 = m2AdS5 −m2S5 = 2. The extrinsic
curvature Kiαβ is different from zero only for orthogonal directions lying in AdS5. Therefore
we have 5 massless scalar (mi = mS5 = 0 [i = 1, . . . , 5]), one for each direction of S
5. We
can always choose a sixth direction (lying in AdS5) orthogonal to Σ and to the two normal
directions defined by Kiαβ . The mass m6 of this sixth scalar is
m
2
6 = −2. (3.62)
Finally, we have to select the last two orthogonal directions (i=7,8) and we choose the only
two orthonormal eigenvectors of KiαβK
αβ
j with non vanishing eigenvalues. They always exist
if the normal bundle is not flat. Then the two masses are given by
m
2
7 = λ1 − 2 and m28 = λ2 − 2. (3.63)
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Here λ1 and λ2 are the two non-vanishing eigenvales of KiαβK
αβ
j and they are determined in
terms of the geometric quantity of the surface through the relations:
λ1 + λ2 = Tr(K
2) = −(2)R− 2 and λ1λ2 = 1
2
[(Tr(K2))2 − Tr(K4)] = 1
2
Tr(F2), (3.64)
where Tr(K4) = KiαβK
αβ
j K
j
ρσK
ρσ
i . If the normal bundle is flat, F = 0 and one of the two
eigenvalues vanishes, e.g. λ1 = 0. Then the two masses collapse to the known result [9, 18]
m
2
7 = −2 and m28 = −(2)R− 4. (3.65)
Let us turn our attention to the general case where the worldsheet extends both in AdS5 and
S5 spaces and the mass matrix has the general form (3.56). The first step is to choose two of
the fluctuations (i = 7, 8) along the two orthogonal directions (h and k) with non-vanishing
extrinsic curvature. These two directions are defined up to a rotation in (h, k)−plane. We fix
this freedom by choosing h and k to be the only two orthonormal eigenvectors of KiαβK
αβ
j
with non vanishing eigenvalues. Then the only non vanishing component of the field strength
in the normal bundle is F78 as discussed in subsec. 3.2.
The bosonic masses can be analysed in details if the field strength F78 is essentially abelian,
namely if the only component of the connection different from zero is given by A78. In this
case the Codazzi-Mainardi equation (3.20) implies for the normal directions i = 1, . . . , 6
γβγ(t¯α ·Ni)− γαγ(t¯β ·Ni) = DαKiβγ −DβKiαγ = 0, (3.66)
which immediately translates in
(t¯β ·Ni) = (tˆβ ·Ni) = 0 for i 6= 7, 8. (3.67)
We find that the remaining six normal directions are orthogonal both to t¯α and to tˆα, implying
that some of these vectors completely lie in AdS5, while the others in S
5. Generically we expect
to find three of them in AdS5 and three in S
5 (a different partition of the six vectors between
the two subspaces may occur when some of tˆα or of t¯α vanishes). Because of the orthogonality
relations (3.67), the 8× 8 mass matrix M takes the form
M =


−m2AdS5 0 0 0 0 0 0 0
0 −m2AdS5 0 0 0 0 0 0
0 0 −m2AdS5 0 0 0 0 0
0 0 0 −m2S5 0 0 0 0
0 0 0 0 −m2S5 0 0 0
0 0 0 0 0 −m2S5 0 0
0 0 0 0 0 0 m77 m78
0 0 0 0 0 0 m87 m88,


(3.68)
where m2AdS5 and m
2
S5 are given in (3.59). The trace condition (3.52) still constrains m77 and
m88 and it yields that
m77 +m88 = Tr(K
2). (3.69)
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With the help of (3.69), the reduced mass matrix in the directions 7 and 8 can be cast into to
the form
Mred. ≡
(
m77 m78
m87 m88
)
=
(
−m2AdS5 + 2(N¯7 · N¯7) + λ1 2(N¯7 · N¯8)
2(N¯7 · N¯8) m2AdS5 − 2(N¯7 · N¯7) + λ2
)
(3.70)
where λ1 and λ2 again obey (3.64).
In the general case, when F78 is not generated by only taking A78 different from zero, the
structure of the mass matrix may become more intricate. However we can always choose,
at least, two orthogonal directions, one in S5 and one in AdS5, which are orthogonal to the
minimal surface Σ and to the extrinsic curvature. The masses of these two fluctuations are
then given by (3.59).
4 Fermionic fluctuations
The full covariant GS string action in AdS5×S5 has a complicated non-linear structure [38,66],
but to analyze the relevant fermionic contributions it is sufficient to consider only its quadratic
part here
L2F = i
(√
γγαβ δIJ − εαβsIJ) θ¯I ραDJKβ θK . (4.1)
Above, θI (I = 1, 2) are two ten-dimensional Majorana-Weyl spinors with the same chirality,
sIJ = diag(1,−1), ρα are the worldsheet projections of the ten-dimensional Dirac matrices
ρα = EAm ∂αX
m ΓA , (4.2)
and DJKα is the two-dimensional pullback ∂αX
mDJKm of the ten-dimensional covariant deriva-
tive (here, flat and curved indices span the range from 1 to D = 10), sum of an ordinary
spinor covariant derivative and an additional “Pauli-like” coupling to the RR flux background,
DJKm = Dm δ
JK − 18·5!Fm1...m5Γm1...m5Γm ǫJK .
In the AdS5 × S5 case, it can be written as follows
DJKβ θ
K = DJKβ θ
K + FJKβ θK , DJKβ = δJK
(
∂β +
1
4
∂βX
mΩABm ΓAB
)
θK , (4.3)
where the flux term FJKβ , responsible for the fermionic “masses”, is 8
FJKβ = −
i
2
ǫJKΓ⋆ρβ , Γ⋆ = iΓ01234 . (4.6)
8 An alternative form for the flux [38] is
FJKβ = −
i
2
ǫ
JK
ρ˜β , ρ˜β = ΓA tˆ
A
β + iΓA t¯
A
β (4.4)
with which the corresponding part of the gauge-fixed Lagrangian reads
L
flux
F = −ǫ
αβ
θ¯ ρα ρ˜β θ . (4.5)
Its equivalence with (4.6) and (4.24) below is manifest in the 5 + 5 basis of [38], see also discussion in [9].
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Looking for a general formalism for fluctuations, there is a natural choice for the κ-symmetry
gauge-fixing that is viable in type IIB string action, where both Majorana-Weyl fermions in
the GS action have the same chirality, namely 9
θ1 = θ2 ≡ θ . (4.7)
Since s11 = −s22 = 1, in the kinetic part of the gauge-fixed fermionic action only the term
proportional to γαβ will survive after the κ-symmetry gauge-fixing, while in the flux part only
the term proportional to εαβ .
4.1 The fermionic kinetic term
Let us first focus on the reduction of the ordinary spinor covariant derivative Dβ in (4.3) and
write the relevant part of the κ-symmetry gauge-fixed Lagrangian as
LkinF = 2i
√
γγαβ θ¯ ρα (∂β +Ωβ) θ , Ωβ =
1
4
ΩABβ ΓAB . (4.8)
The geometrical interpretation of the reduction procedure, already discussed for the bosonic
fluctuations, allows us to guess the final result of this section. In fact a straightforward, but
tedious computation must yield, at the end, the following form for the kinetic term:
L˜kinF = 2i
√
γγαβ Θ¯ Γa eaαDβ Θ ≡ 2i√γγαβ Θ¯ Γa eaα
(
∂β +
1
4Γbcω
bc
β − 14A
ij
β Γij
)
Θ . (4.9)
Above, Dβ is the two-dimensional covariant derivative acting on spinors, and it takes into
account that Θ is now a two-dimensional spinor, which also transforms in the spinor represen-
tation of the SO(8) normal bundle. We remind that eaα denotes the worldsheet zweibein. The
connection Aijβ is defined in (3.18). This pattern is completely analogous to the one obeyed
by the normal bosonic fluctuations, which are scalars for the worldsheet, but vectors for the
normal bundle.
We shall now see how the result (4.8) emerges from the explicit analysis. Although we will
work explicitly in D = 10, we remark that the reduction of the canonical covariant derivative
(passing from (4.8) to (4.9)) is independent on the dimensionality of the spacetime, exactly
as in the bosonic case 10. The Dirac algebra is naturally decomposed in two subsets: the
components along the worldsheet and those orthogonal to the worldsheet, which in the ten-
dimensional case means
ρα = tAαΓ
A , α = 1, 2 , (4.10)
ρi = N
A
i Γ
A , i = 1, . . . , 8 . (4.11)
9A widely used alternative to (4.7) – especially in the context of AdS/CFT – is the light-cone gauge-fixing
Γ+θI = 0, where the light-cone might lie entirely in S5 [67, 68] or being shared between AdS5 and S
5 [69]
(see [47] and further references therein). One of the obvious advantages of the “covariant” gauge-fixing (4.7) is
preservation of global bosonic symmetries of the action. A more general choice is θ1 = k θ2 , θ2 ≡ θ where k
is a real parameter whose dependence is expected to cancel in the effective action, see discussion in [70]. Yet
another κ-symmetry gauge-fixing, albeit equivalent to (4.7) [9], has been used for studying stringy fluctuations
in AdS5 × S
5 in [25].
10The dimensionality of space-time will clearly influence the kind of spinors involved.
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As used earlier in [60–64] and made explicit in this context in [9], since a two-dimensional
Clifford algebra holds by construction for the {ρα, ρβ} = 2 γαβ , it is always possible to find a
local SO(1, 9) rotation S that transforms ρi into two-dimensional Dirac matrices contracted
with zweibein
ρα = SΓ
aS−1eaα a = 1, 2 ,
ρi = SΓ
i+2S−1 i = 1, ..., 8,
(4.12)
where
Γ1 = i τ2 ⊗ 116 , Γ2 = τ1 ⊗ 116 , Γi = τ3 ⊗ Σi , (4.13)
τa are Pauli matrices and Σ
i are (16-dimensional) Dirac matrices in 8 Euclidean dimensions.
Defining now
Θ = S−1θ and Ωˆα = S−1ΩαS + S−1∂αS , (4.14)
one ends with the following rotated expression
L˜kinF = 2i
√
γγαβ Θ¯Γa eaα (∂β + Ωˆβ)Θ. (4.15)
We remark here that the present analysis is only valid at classical level: as we will see later the
local rotation S produces quantum mechanically a non-trivial Jacobian in the path-integral
measure, whose contribution is crucial to recover the correct structure of the divergent terms.
To evaluate Ωˆα, we begin expanding
Ωβ = SΩˆβS
−1 − ∂βSS−1 (4.16)
in the basis provided by the Dirac algebra (4.12)
1
4
ΩABβ ΓAB=
1
4
(Ωˆabβ e
µ
ae
ν
bρµν + 2Ωˆ
ai
β e
µ
aρµi + Ωˆ
ij
β ρij) +
1
4
(ρα∂βρα + ρ
i∂βρi − ραρµeaµ∂βeaα) .(4.17)
The expression for ∂αSS
−1 in the second parenthesis above has been derived considering the
derivatives of (4.12) with respect to worldsheet coordinates which in turn implies
ρα∂βρα + ρ
i∂βρi = −4∂βSS−1 + ραρµeaµ∂βeaα. (4.18)
Let us now formally expand all the contributions in the same basis (4.10)
ΩABβ ΓAB = Ω
AB
β t
µ
At
ν
Bρµν + 2Ω
AB
β t
µ
AN
i
Bρµi +Ω
AB
β N
i
AN
j
Bρij (4.19)
in which
ρα∂βρα − ραµeaµ∂βeaα = ραiNAi KAαβ − ραµeaαebµωabβ + ραµΩABβ tAαtBµ + ραiΩABβ tAαNBi
ρi∂βρi = ρ
αi(NiAK
A
αβ +Ω
BA
β tBαNiA) + ρ
ij(NAj DβNiA +Ω
BA
β NiBNAj). (4.20)
Collecting the different results we obtain
Ωˆabα e
ρ
ae
σ
b = e
ρ
ae
σ
bω
ab
α , Ωˆ
ai
α e
ρ
a = −N iAKAρβ , Ωˆ
ij
α = −Aijβ , (4.21)
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and the fermion kinetic part of the rotated Lagrangian takes the form
L˜kinF =2i
√
γγαβ Θ¯ Γa eaα
(
∂β +
1
4Γbcω
bc
β − 14N iAKAbβ Γbi − 14A
ij
β Γij
)
Θ
≡2i√γγαβ Θ¯ Γa eaα
(
∂β +
1
4Γbcω
bc
β − 14A
ij
β Γij
)
Θ .
(4.22)
Namely, in the rotated basis (4.12)-(4.13) the GS kinetic operator (4.8) results in a standard
two-dimensional Dirac fermion action on a curved two-dimensional background with geometry
defined by the induced metric [9]. The spinor covariant derivative can be written as a two-
dimensional, ordinary, spinor covariant derivative plus two additional terms as in the first line
above. The first extra-term is proportional to the extrinsic curvature, it mixes tangential and
normal components and drops out naturally in the fermionic action – hence the second line in
(4.22) – once contracted with γαβΓa eaβ and ε
αβΓa eaβ . In fact, using the equations of motion
(2.6) and because of the symmetry of Kmαβ in α, β, it holds
KAabΓaΓbi = K
Aab(Γabi + δabΓi) = 0 ,
εαβeaαK
Ab
β ΓaΓbi = ε
αβeaαK
Ab
β (iεabτ3 + δab)Γi =
(
iτ3 det(e)e
β
bK
Ab
β + ε
αβKAαβ
)
Γi = 0 .
(4.23)
The second additional term consists of an extra, normal bundle two-dimensional gauge connec-
tion A
ij
α , with respect to which the 16 two-dimensional spinors making up the 32-component
MW spinor Θ transform in the spinorial representation of SO(8). This interacting term van-
ishes (i.e. a choice of the N i exists such that A
ij
β = 0) when the field-strength associated
to the normal connection vanishes, see discussion around (3.46). As mentioned there, this is
always the case, for example, for embeddings of the string worldsheet in AdS3, where indeed
the normal direction is just one and the normal bundle is then trivial. For a more general
embedding extending in both AdS5×S5 subspaces, the presence or not of this interaction term
has to be checked case by case. This is what we do in Section 5, where in considering several
examples also comment on this aspect.
4.2 Fermionic “mass” matrix: the flux term
We now analyze the flux term (4.6) in the fermionic Lagrangian, (4.1)-(4.3) which after the
κ-symmetry gauge-fixing θ1 = θ2 ≡ θ reads
L
flux
F = −εαβ θ¯ ρα Γ∗ρβ θ , Γ∗ = iΓ01234 . (4.24)
In order to understand the geometrical meaning of the terms in (4.24), we again decompose
the Gamma matrices in the orthonormal basis formed by the tangent and transverse vectors.
Remembering that Γ∗ contains only ten-dimensional flat indices belonging to AdS5, we have
εαβραΓ∗ρβ = εαβΓ∗
(
ΓAtˆ
A
α − ΓAt¯Aα
)
ρβ (4.25)
= εαβΓ∗
(
ΓB(γ
λδtAλ t
B
δ +N
A
i N
B
i ) tˆαA − ΓB(γλδtAλ tBδ +NAi NBi )t¯αA
)
ρβ
= εαβΓ∗
(
γλδρλρβ [(tˆδ · tˆα)− (t¯δ · t¯α)]− 2ρrρβ(N¯r · t¯α)
)
, r = 7, 8
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where we used the completeness relation ηAB = γλδtAλ t
B
δ +N
A
i N
B
i , the fact that N
A
i t¯
A
α , N
A
i tˆ
A
α
are non vanishing only for i = r ≡ 7, 8 and that NˆAr tˆAα = −N¯Ar t¯Aα , r = 7, 8 11. Defining the
antisymmetric product of the Gamma matrices projected onto the worldsheet as
ρ3 ≡ 1
2
√
γ
εαβραβ , ρ
αβ = − 1√
γ
εαβ ρ3 , (4.26)
one can rearrange the flux term in the following way
εαβραΓ∗ρβ = εαβΓ∗
[
γλδ(
√
γ ελβ ρ3 + γλβ) [(tˆδ · tˆα)− (t¯δ · t¯α)]− 2ρrρβ
(
N¯ r · t¯α
)]
(4.27)
= Γ∗
[√
γ ρ3 γ
αδ [(tˆδ · tˆα)− (t¯δ · t¯α)]− 2 εαβ ρrβ
(
N¯ r · t¯α
)]
= Γ∗
[√
γ ρ3 (m
2
AdS5 +m
2
S5) + 2 ε
αβ ρrβ∇λKrαλ
]
,
where we used that εαβ (tα · tβ) = 0, the definition of masses (3.55), and the Gauss-Codazzi
equation (3.20) 12. Hence, after the rotation (4.12) and in terms of the spinors Θ = S−1θ, the
flux part of the fermionic Lagrangian takes the form
L˜
flux
F = Θ¯ Γ˜∗
[√
γ τ3 (m
2
AdS5 +m
2
S5) + 2 ε
αβeaβ Γar∇γKrαγ
]
Θ , r = 7, 8 , (4.28)
where τ3 = S
−1ρ3 S, and Γ˜∗ = S−1Γ∗S. In general, the rotated Γ∗ is written as
Γ˜∗ = S−1Γ∗S = iS−1(ǫˆABCDEΓA . . .ΓE)S (4.29)
= iǫˆABCDE(tˆaAΓa + Nˆ
i
AΓi +N
r
AΓr) . . . (tˆ
e
EΓe + Nˆ
j
EΓj +N
s
EΓs) ,
(where the hat in ǫˆABCDE is to signal that the A,B,C,D,E take values 0, 1, 2, 3, 4, as clear
from (4.24), i, j = 1 , . . . , 6, r, s = 7, 8) and it can be expanded in the same basis. A clever
choice among the basis vectors made possible by the string motion, drastically simplifies the
above expression. Due to the self-duality of RR flux, we have written the flux contribution only
in terms of Γ∗, and thus we can restrict our discussion and attention to the AdS projection.
This is the basis we have in mind here with the aim to simplify the product (4.29).
In the more general case discussed in Section 3.2, in order to compute (4.29), we can use
the basis build up by the two tangent vectors projected onto AdS5 tˆα (α = 1, 2) and the three
11Here we choose a basis for the normal directions i = 1, . . . , 8 which matches the one used in the bosonic
analysis. Namely, fluctuations i=7,8 are along two orthogonal directions with non-vanishing extrinsic curvature,
and for the remaining i = 1, . . . , 6 it holds (3.67), with three of them in AdS5 and three in S
5.
12 More precisely, from (3.20), it immediately follows
DαK
i
βγ −DβK
i
αγ = −(t¯α · tγ)(t¯β ·N
i) + (t¯α ·N
i)(t¯β · tγ) + (tˆα · tγ)(tˆβ ·N
i)− (tˆα ·N
i)(tˆβ · tγ).
Since (t¯β ·Ni) = −(tˆβ ·Ni), we find
DαK
i
βγ −DβK
i
αγ =[(t¯β · tγ) + (tˆβ · tγ)](t¯α ·N
i)− [(t¯α · tγ) + (tˆα · tγ)](t¯β ·N
i) = γβγ(t¯α ·N
i)− γαγ(t¯β ·N
i) .
Tracing on α and γ and using the equations of motion (2.6), one obtains
DαK
i α
β = −(t¯β ·N
i) = (tˆβ ·N
i) .
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transverse vectors Nˆi (i = 1, 2, 3) which entirely lie in AdS. This set forms an orthonormal
basis spanning AdS. However, there might be further contributions also from the remaining
transverse directions Nr (r = 7, 8) and for this we need to project them in the above basis,
that is
Nˆ rA = ξ
r
a tˆ
a
A , ξ
r
a = (Nˆ
r · tˆα)gˆαβeβa r = 7, 8 , (4.30)
where gˆαβ is the inverse matrix obtained from worldsheet metric projected in the sub-space
AdS, i.e. gˆαβ ≡ (tˆα · tˆβ), gˆαβ gˆβδ = δaδ . Clearly, an analogous expression to (4.30) can be
written for the projected vectors onto the compact sub-space, with the obvious replacement
from hatted to bar vectors. By means of the relation (4.30) we can massage the product (4.29)
to the final expression
Γ˜∗ = iǫˆABCDENˆ iCNˆ
j
DNˆ
k
EΓijk
[
tˆaAtˆ
b
B
(
Γab + ξ
[r
a ξ
s]
b Γrs
)
+
1
2
ξrd
(
tˆcAtˆ
d
B − tˆcB tˆdA
)
Γcr
]
. (4.31)
In writing the above expression we are assuming that the inner product (4.30) is not degenerate
(as well as the projected worldsheet metric gˆαβ). However, whenever (at least) one of the
tangent vectors has a vanishing projection in S5, the number of transverse directions completely
lying in the compact sub-space increases (of at least one), since now we need (at least) another
transverse direction to span S5. By a simple counting of degrees of freedom, this decreases (at
least) by one the remaining Nˆ . This implies that one of the transverse direction N r (r = 7, 8)
can become linearly independent and lie completely in AdS5, that is the inner product (4.30)
in one of the directions r = 7, 8 could be degenerate. This happens for example in the case of
the spinning string motion [26] discussed in Section 5.1. In the limiting case when the motion
is completely embedded in AdS3 ⊂ AdS5, the tangent vectors belong only to AdS, and both
the directions N r can be chosen such that one will completely lie in AdS and the other one in
S5. Then, we can pick a basis given by tα, α = 1, 2 (since now tˆα = tα) and three transverse
directions Nˆi (i=1,2), Nr with r either 7 or 8. The remaining vectors belong only to the sphere.
In this case there is only one term contributing to the expression (4.29), namely the first one
in (4.31). We illustrate two examples where this takes place: the folded string [26] at the end
of Section 5.1, and the string configuration dual to the circular Wilson loop operator [9] at the
end of Section 5.2. If the minimal surface is completely embedded in S5 then this means that
only the transverse directions will contribute to the product (4.29), that is
Γ˜∗ = S−1Γ∗S = ǫˆABCDENˆ rANˆ
s
BNˆ
i
CNˆ
j
DNˆ
k
EΓrsijk . (4.32)
Finally, we want to stress that the arguments explained above work in a completely sym-
metric manner by swapping the two sub-spaces AdS and S. Due to the self-duality of the flux
term, we could have chosen Γ∗ = iΓ56789 and then write Γ˜∗ = iǫ¯ABCDEN¯ rAN¯
s
BN¯
i
CN¯
j
DN¯
k
EΓrsijk
for an AdS3 motion, keeping also in mind an overall sign originated in the manipulations in
equation (4.27). However, we prefer to keep on working with the flux defined in (4.29) for
reader’s convenience.
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4.3 Comparison with bosonic masses and quantum divergences
In this section we work out a sum rule for the fermion “mass matrix” in analogy to the bosonic
one (3.60). In this last case the trace of the mass matrixM appears naturally in the Seeley-De
Witt coefficient a
(2)
B , controlling the logarithmic divergence of the bosonic fluctuactions [71]
a
(2)
B = Tr(
1
6
R(2) +M). (4.33)
A natural candidate for the traced fermionic mass matrix is therefore the companion term
appearing in the fermionic Seeley-De Witt coefficient a
(2)
F , driving the logarithmic fermionic
divergences as well. In the most general case, for a self-adjoint Dirac operator iραDα −MF
this is given by [71]
a
(2)
F = Tr(I)
R(2)
12
− 1
2
Tr (ραMF ραMF ) , (4.34)
and we are at the moment interested in the second term above. In our case, the fermionic
mass matrix is
MF = 1
2
√
γ
εαβραΓ∗ρβ , (4.35)
where we re-wrote the fermionic Lagrangian as
L2F = 2i√γ θ¯
(
γαβραDβ + i
2
√
γ
ǫαβραΓ∗ρβ
)
θ := 2i
√
γ θ¯DF θ . (4.36)
We recall that our fermions are worldsheet scalars and the square root of the determinant of
the induced metric is the correct normalization in the fermionic norms [9]. It is important to
stress that here γ is the absolute value of the determinant. When ρα commutes withMF the
invariant (4.34) reduces to the more familiar Tr
(M2F ), analysed in [9] or in [18] for example.
This is the case for the folded spinning solution reviewed in Section 5.1. However, for a general
string solution, like the latitude configuration, the two matrices do not commute and (4.34) is
an invariant, which leads to the sum rule as we explain below.
Notice that due to the ciclicity of the trace we can compute (4.34) before performing any
local SO(1, 9) rotations, and actually in this case it turns out a convenient strategy. Let us
start by rewriting (4.34) as
Tr (ραMF ραMF ) = Tr
(
γαβ
4γ
εµνελτραρµΓ∗ρνρβρλΓ∗ρτ
)
(4.37)
= Tr
(
γαβ
4γ
εµνελτραρµΓ∗ (γνβρλ + γβλρν − γνλρβ) Γ∗ρτ
)
≡ I1 + I2 + I3 .
and compute the three terms above separately. The first contribution I1 gives
I1 =
1
4γ
Tr
(
εµνελτρνρµΓ∗ρλΓ∗ρτ
)
(4.38)
= − 1
4γ
Tr
(
εµνρµρν Γ∗Γ∗
(√
γ
(
m2AdS5 +m
2
S5
)
ρ3 + 2ε
αβ
(
tˆα ·N r
)
ρrρβ
))
,
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where we have used that
εαβραΓ∗ρβ = Γ∗
{√
γ
(
m2AdS5 +m
2
S5
)
ρ3 + 2 ε
αβ
(
tˆα ·N r
)
ρrρβ
}
. (4.39)
computed in Section 4.2. By recalling that ρ3 =
1
2
√
γ ε
αβραβ , and ρ
αβ = − εαβ√γ ρ3, we can
compute the following commutation relation
ρ3ρβ =
εµν√
γ
γνβρµ , (4.40)
which in I1 leads to the result
I1 = −1
2
(
m2AdS5 +m
2
S5
)
Tr
(
ρ23
)
. (4.41)
The second term I2 can be manipulated in a similar manner and we obtain
I2 =
1
4γ
Tr
(
γαβεµνελτραρµΓ∗γβλρνΓ∗ρτ
)
= −1
2
(
m2AdS5 +m
2
S5
)
Tr(I) . (4.42)
Finally let us look at the last term I3
I3 = − 1
4γ
Tr
(
γαβεµνελτγνλραρµΓ∗ρβΓ∗ρτ
)
(4.43)
= −1
4
Tr
(
γαβΓ∗ραΓ∗ρβ
)
+
1
4
Tr
(
γαβγµνρµαΓ∗ρβΓ∗ρν
)
.
In order to evaluate I3 we need also the expression for the symmetrized product of Gamma
matrices, that is
γαβραΓ∗ρβ = Γ∗
[(
m2AdS5 +m
2
S5
)
+ 2
(
tˆα ·Nr
)
ρrρα
]
, (4.44)
which together with (4.39) leads to
I3 = −1
4
(
m2AdS5 +m
2
S5
)
Tr(I− ρ23) . (4.45)
Hence, collecting the three contributions (4.41), (4.42), and (4.45), and using ρ23 = I, we obtain
Tr (ραMF ραMF ) = −
(
m2AdS5 +m
2
S5
)
Tr(I) =
(
(2)R+Tr(K2)
)
Tr(I) (4.46)
by means of the expressions (3.59). Armed with (4.46) we can compare the bosonic and
fermionic contribution to the total logarithmic divergences, by computing explicitly a
(2)
B +a
(2)
F .
The part depending on the traced mass matrices is
− 1
2
Tr (ραMF ραMF ) + Tr (M) = −4
(
(2)R+Tr(K2)
)
+ 3 (2)R+ 4Tr(K2) = − (2)R , (4.47)
We have used Tr(I) = 8 since these are eight 2d fermionic modes now, as reviewed at the
beginning of Section 4.1. The contribution of the pure intrinsic curvature terms is instead
more subtle [9]. The use of the naive Seeley-De Witt fermionic coefficient would lead to a
wrong result
8
1
6
R(2) + 8
1
12
R(2) = 2R(2), (4.48)
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that combined with (4.47) would not produce the correct coefficient 3R(2) [9]. The reason
of the apparent disagreement is well known [9, 62–64]: the local SO(1, 9) rotation S that
transforms ρi into two-dimensional Dirac matrices contracted with zweibein gives rise to a non-
trivial Jacobian in the path-integral measure, that contributes additionally to the logarithmic
divergence. The net effect of this “anomalous rotation” is to change the coefficient of the
conformal anomaly of the relevant two-dimensional Dirac fermions by a factor 4. In our case
it amounts to modify the fermionic contribution to (4.48) by a factor 4 and therefore
8
1
6
R(2) + 8
1
3
R(2) = 4R(2), (4.49)
recovering, in combination with (4.47), the result of [9].
5 Applications
In this Section we work out a few relevant situations in which the general structures previously
derived are exemplified. First we discuss the spinning string [2, 26], recovering the known
spectrum of the fluctuations. Then we apply our analysis to the minimal surface associated
to the 1/4 BPS Wilson loop operator [11, 56, 57], obtaining the bosonic and fermionic sectors
and the related mass matrices.
5.1 Spinning strings
The first test of our analysis is the spinning string solution, generalization of [2] and [72], whose
semiclassical quantization was worked out in [26] 13. We choose the following coordinates for
the target space metric
ds2
∣∣
AdS5
= − cosh2 ρ dt2 + dρ2 + sinh2 ρ (dβ21 + cos2 β1dβ22 + cos2 β1 cos2 β2dφ2) ,
ds2
∣∣
S5
= dψ21 + cos
2 ψ1
[
dψ22 + cos
2 ψ2
(
dψ23 + cos
2 ψ3dψ
2
4 + cos
2 ψ3 cos
2 ψ4dϕ
2
)]
.
(5.1)
The motion of the spinning string in AdS5 × S5 is described by the following ansatz for the
embedding coordinates [26]
t = κτ , ρ = ρ(σ) , βi = 0 (i = 1, 2) , φ = ωτ , ψi = 0 (i = 1, . . . , 4) , ϕ = ντ , (5.2)
where (τ , σ) are the worldsheet coordinates, and ρ(σ) has to satisfy the equation of motion
and Virasoro constraints
ρ′′ =
(
κ2 − ω2) cosh ρ sinh ρ , ρ′2 = κ2 cosh2 ρ− ω2 sinh2 ρ− ν2 . (5.3)
The solution ρ(σ) can be found explicitly and it reads in terms of Jacobi elliptic functions,
since we will not need it here we refer the reader to [26] for further details. The parameters
κ, ω, and ν are chosen to be positive, and moreover the finite energy condition as well as the
request of having a real solution impose certain relations on the parameters, that is
κ > ν , ω > ν , coth2 ρ ≥ κ
2 − ν2
ω2 − ν2 . (5.4)
13See [20] for the fermionic mass matrix of the string rotating in AdS5 × S
1.
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In order to compute the quadratic fluctuation Lagrangian, we need to construct an or-
thonormal basis as in Section 3.3. The tangent vectors are given by
tAτ = (κ cos ρ , 0 , 0 , 0 , ω sinh ρ , 0 , 0 , 0 , 0 , ν) , t
A
σ =
(
0 , ρ′ , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0
)
. (5.5)
Then, we choose the 8 orthogonal vectors as follows
NˆA1 = (0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) , Nˆ
A
2 = (0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 ) , (5.6)
N¯A1 = (0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 , 0 , 0) , N¯
A
2 = (0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 , 0) ,
N¯A3 = (0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0) , N¯
A
4 = (0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0)
NA7 =
1√
ρ′2+ν2
(ω sinh ρ , 0 , 0 , 0 , κ cosh ρ , 0 , 0 , 0 , 0 , 0) ,
NA8 =
1
ρ′
√
ν2+ρ′2
(
κν cosh ρ , 0 , 0 , 0 , ν ω sinh ρ , 0 , 0 , 0 , 0 , ν2 + ρ′2
)
.
Finally, the induced worldsheet metric is given by
γαβ = (tα · tβ) = ρ′2 diag (−1 , 1) . (5.7)
Once the basis vectors have been chosen, then the computation of the quadratic fluctuation
Lagrangian is simply reduced to a mere application of expressions (3.35), (4.22), (4.28).
Bosonic Lagrangian Let us proceed to the construction of the bosonic transverse La-
grangian (3.35). The worldsheet curvature (2)R and the trace of the extrinsic curvature Tr(K2)
turn out to be
(2)R =
2
(
κ2 − ν2) (ω2 − ν2)
ρ′(σ)4
− 2 , Tr(K2) = −2(κ
2 − ν2)(ω2 − ν2)
ρ′(σ)4
− 2ν
2
ρ′(σ)2
. (5.8)
The only non-zero components of the extrinsic curvature projected on the transverse directions,
i.e. Kiαβ ≡ N iAKAαβ are
K7τσ = K
7
στ =
κωρ′√
ν2+ρ′2
, K8τσ = K
8
στ = − νρ
′′√
ν2+ρ′2
. (5.9)
This implies that the mass matrix Mij (3.35) for i, j = 1 , . . . , 6 is diagonal and given by
M11 =M22 = −m2AdS5 = −γαβ
(
tˆα · tˆβ
)
= −2− ν2
ρ′2
, (5.10)
M33 =M44 =M55 =M66 = −m2S5 = γαβ (t¯α · t¯β) = − ν
2
ρ′2
.
Along the directions 7 , 8 the extrinsic curvature contributes to the mass (in particular, the
contribution to the off-diagonal matrix is entirely due to the extrinsic curvature), and we
obtain
M77 = −2− ν
2
ρ′2
− 2κ
2ω2
ρ′2(ν2 + ρ′2)
, (5.11)
M88 = − ν
2
ρ′2
+
2κ2ω2
ρ′2(ν2 + ρ′2)
+
2(κ2 − ν2)(ν2 − ω2)
ρ′4
,
M78 = 2κνωρ
′′
ρ′3(ν2 + ρ′2)
.
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In order to complete the Lagrangian we construct the covariant derivative, for which we need
the connection on the normal bundle Aijα (3.18). The only non-trivial directions are along the
transverse modes 7, 8
A78σ = −A87σ = −
κων
ν2 + ρ′2
, Aijτ = 0 , i, j = 1, . . . , 8 . (5.12)
Hence, the bosonic Lagrangian agrees with [26].
Fermionic Lagrangian The construction of the fermionic Lagrangian proceeds in two steps:
the kinetic part (4.22) and the flux term (4.28). For the kinetic term the only new ingredient
we need is the worldsheet spin connection ωαab,
ωτ 01 = −ωτ 10 = −ρ
′′
ρ′
, ωσ ab = 0 . (5.13)
Hence, the kinetic term (4.22) is simply given by [20]
Lkin = 2i Θ¯
(√
γγαβΓae
a
α∂β +
1
2
ρ′′Γ1 +
1
2
κνωρ′
(ν2 + ρ′2)
Γ189
)
Θ . (5.14)
where we have used (5.12) for the third term above, which is the connection-related part.
Notice that, as normal bundle connection (5.12) is flat, i.e. ∂τA
78
σ − ∂σA78τ + [Aτ Aσ]78 = 0,
we can introduce a rotation which cancels such term - this is what done in [20].
In order to compute the flux term (4.28) we cannot use the final expression (4.31) of the
expansion (4.29). This is due to the fact that for the spinning string one of the projected
transverse vector, i.e. Nˆ7 in our convention, is orthogonal to tˆα. A better choice to simplify
the term S−1Γ⋆S is then the basis formed by the two tangent vectors tˆα, the two transverse
vectors Nˆ1 , Nˆ2 and finally Nˆ7. The expansion (4.30) is still valid for Nˆ8. Thus, the only non
zero terms which can contribute to S−1Γ⋆S are
S−1Γ⋆S = iǫˆABCDE
(
tˆAα tˆ
B
β e
α
ae
β
b Nˆ
C
i Nˆ
D
j Nˆ
E
r ΓabΓijΓr + tˆ
A
αe
α
a Nˆ
B
i Nˆ
C
j Nˆ
D
r Nˆ
E
s ΓaΓijΓrs
)
= (5.15)
= i
√
ν2 + ρ′2
ρ′
Γ01238 − i ν
ρ′
Γ12389 .
The remaining terms are straightforward to compute, simply from the inner products of the
basis vectors, and we obtain
Lflux = i
2
Θ¯
(
2(ν2 + ρ′2)Γ01 + 2ν
√
ν2 + ρ′2Γ19
)(√
ν2+ρ′2
ρ′ Γ01238 − νρ′Γ12389
)
Θ
= iρ′
√
ν2 + ρ′2 Θ¯Γ238Θ . (5.16)
The sum of the two contributions (5.14) and (5.16) is exactly the fermionic Lagrangian com-
puted in Appendix D of [20].
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The special case of the folded string. The folded string of [2, 26] is obtained switching
off the angle ϕ in S5 (setting the parameter ν to zero in the classical ansatz (5.2)). Then the
string motion is confined in AdS3, i.e. t¯α = 0 for α = 1, 2. As explained in the main body,
this implies that we can choose 5 orthonormal vectors completely embedded in the compact
sub-space S5, (in our convention (5.6) they will be N¯1 , N¯2 , N¯3 , N¯4 , N¯8 = N8 with ν = 0).
The remaining vectors (tˆα with α = 1, 2, Nˆ1 , Nˆ2 and Nˆ
7 = N7) live only in AdS. Namely,
the basis vectors is entirely split in the two sub-spaces. It is then immediate to see that the
bosonic masses reduce to
M11 =M22 = −m2AdS5 = −2 , M77 = −2−
2κ2ω2
ρ′4
,
M33 =M44 =M55 =M66 =M88 = −m2S5 = 0 ,
(5.17)
which is the well-known results of 5 massless scalars in S5 and the 3 massive scalar modes
living in AdS3 ⊂ AdS5 [26]. Now, the cross terms are zero M78 = 0 as well as the connection
A78σ = −A87σ = 0.
The fermionic Lagrangian (5.14) and (5.16) simplifies as well. Being the normal bundle
connection zero, the kinetic term reduces to
Lkin = 2i Θ¯
(√
γγαβΓae
a
α∂β +
1
2
ρ′′Γ1
)
Θ . (5.18)
The only contribution to the flux comes from the AdS5 mass in (4.28) and the first product
in (5.15) (with ν = 0), thus
Lflux = i ρ′2 Θ¯ Γ238Θ . (5.19)
5.2 String dual to latitude Wilson loops
In this Section we apply our analysis to the AdS5 × S5 string minimal surface corresponding
to the latitude Wilson loop operators of [11, 56, 57]. We choose the following patches for the
target space metric:
ds2
∣∣
AdS5
= − cosh2 ρ dt2+dρ2+ sinh
2 ρ
(1 + 14~y · ~y)2
d~y·d~y , ds2∣∣
S5
=
1
(1 + 14~z · ~z)2
d~z·d~z , (5.20)
where ~y = (y1 , y2 , y3) with ~y ·~y = y21+y22+y32 , and ~z = (z1 , . . . , z5), with ~z ·~z = z2i + · · ·+z25 .
The classical string solution [57] is described by the ansatz
t = 0 , ρ = ρ(σ) , y1 = 2 sinϕ , y2 = 2cosϕ , y3 = 0
z1 = 0 , z2 = 0 , z3 = 2cos θ(σ) , z4 = 2 sin θ(σ) sinϕ , z5 = 2 sin θ(σ) cosϕ.
(5.21)
where the worldsheet coordinates are ϕ ∈ [0, 2π) and σ ∈ [0,∞). The classical equations of
motion read
ρ′(σ) = − sinh ρ(σ) , ρ′′(σ) = sinh ρ(σ) cosh ρ(σ) , (5.22)
θ′(σ) = ∓ 1
cosh(σ0 ± σ) = ∓ sin θ(σ) , θ
′′(σ) = sin θ(σ) cos θ(σ) ,
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with solutions given in terms of simple hyperbolic functions
sinh ρ(σ) =
1
sinhσ
, sin θ(σ) =
1
cosh(σ0 ± σ) . (5.23)
The parameter σ0 is a constant of integration defined by the internal latitude angle θ0
cos θ0 = tanhσ0 . (5.24)
To compute the quadratic fluctuation Lagrangian, we build an orthonormal basis choosing the
tangent vectors as (from now on we only consider the solution in (5.22)-(5.23) with the upper
sign, as it is this one that corresponds to the minimum of the action)
tAϕ = (0, 0, cos ϕ sinh ρ,− sinϕ sinh ρ, 0, 0, 0, 0, cos ϕ sin θ,− sinϕ sin θ) , (5.25)
tAσ =
(
0,− sinh ρ, 0, 0, 0, 0, 0, sin2 θ, − cos θ sin θ sinϕ,− cosϕ sin θ cos θ) ,
where we omit the dependence of ρ and θ on σ. The vectors orthogonal to the worldsheet can
be chosen to be
N¯A1 = (0, 0, 0, 0, 0, 1, 0, 0, 0, 0) , N¯
A
2 = (0, 0, 0, 0, 0, 0, 0, cos θ, sinϕ sin θ, cosϕ sin θ) , (5.26)
N¯A3 = (0, 0, 0, 0, 0, 0, 1, 0, 0, 0) ,
NˆA1 = (−1, 0, 0, 0, 0, 0, 0, 0, 0, 0) , NˆA2 = (0, 0, 0, 0, 1, 0, 0, 0, 0, 0) ,
NˆA3 = (0, 0, sinϕ, cosϕ, 0, 0, 0, 0, 0, 0) .
The basis is completed constructing the normal vectors as
NA7 =
1√
sin2 θ+sinh2 ρ
(0, 0, cos ϕ sin θ,− sinϕ sin θ, 0, 0, 0, 0,−cos ϕ sinh ρ, sinϕ sinh ρ) ,
(5.27)
NA8 =
1√
sin2 θ+sinh2 ρ
(0, sin θ, 0, 0, 0, 0, 0, sin θ sinh ρ,− cos θ sinh ρ sinϕ,− cos θ sinh ρ cosϕ) .
For this string configuration the worldsheet is space-like. The induced worldsheet metric
γαβ has then Euclidean signature and is given by
γαβ = Ω
2(σ) diag(1, 1) , Ω2(σ) = sinh2 ρ+ sin2 θ = ρ′2 + θ′2 = 1
cosh2(σ+σ0)
+ 1
sinh2 σ
. (5.28)
Instead, the orthonormal vectors on AdS have a time-like component, so that in this Section
we will use that (
Nˆi · Nˆj
)
= ηij , ηij = diag (−1, 1, 1) , i, j = 1, 2, 3 , (5.29)
while the remaining scalar products are unchanged with respect to Section 3.3. We report
here for completeness the expressions of the worldsheet curvature (2)R and of the trace of the
squared extrinsic curvature Tr(K2):
(2)R = −2 ∂
2
σ log Ω(σ)
Ω2(σ)
, Tr(K2) = 4
sinh2(σ) cosh2 (σ + σ0)
cosh (σ0) cosh (2σ + σ0) 3
. (5.30)
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Bosonic Lagrangian We want to compute the transverse Lagrangian (3.35). We proceed
first evaluating the mass matrix (3.68). In the case of a space-like worldsheet the matrix is
slightly modified: the first element in the diagonal acquires a relative sign. From the definition
(3.55) we obtain
m2AdS5 = γ
αβ
(
tˆα · tˆβ
)
=
2cosh2(σ + σ0)
coshσ0 cosh(2σ + σ0)
, (5.31)
m2
S
5 = −γαβ (t¯α · t¯β) = − 2 sinh
2 σ
coshσ0 cosh(2σ + σ0)
while the reduced matrix (3.70) vanishes identically. Thus, the matrix (3.68) reads
γαβRAMBN t
A
α t
B
βN
iMN jN = −


−m2AdS5 0 0 0 0 0 0 0
0 m2AdS5 0 0 0 0 0 0
0 0 m2AdS5 0 0 0 0 0
0 0 0 m2S5 0 0 0 0
0 0 0 0 m2
S5
0 0 0
0 0 0 0 0 m2S5 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


(5.32)
with m2
AdS5
and m2
S5
given in (5.31).
Let us now construct the projection of the extrinsic curvature along the transverse direction, i.e.
Kiαβ ≡ N iAKAαβ, (2.5). The only non-zero components are
K7ϕσ = K
7
σϕ = −
√
coshσ0
sinhσ cosh(σ + σ0)
√
cosh(2σ + σ0)
, (5.33)
K8ϕϕ = K
8
σσ = −
√
coshσ0
sinhσ cosh(σ + σ0)
√
cosh(2σ + σ0)
.
It is then straightforward to construct the whole mass matrixMij in (3.35)
M11 = −M22 = −M33 = −m2AdS5 =
2 cosh2(σ + σ0)
coshσ0 cosh(2σ + σ0)
, (5.34)
M44 =M55 =M66 = m2S5 = −
2 sinh2 σ
coshσ0 cosh(2σ + σ0)
,
M77 =M88 = 2 cosh
2(σ + σ0) sinh
2 σ
coshσ0 cosh
3(2σ + σ0)
, M78 =M87 = 0 .
Finally, we calculate the normal connection Aijα (3.18), whose non-vanishing components read
A78ϕ = −A87ϕ = −tanh(2σ + σ0) . (5.35)
The covariant derivatives on the transverse fields (3.17) appearing in (3.35) will be non-trivial only
along the directions given by (5.35). Notice that the field-strenght ∂σA
78
ϕ −∂ϕA78σ +[Aσ , Aϕ]78 = ∂σA78ϕ
does not vanish.
Fermionic Lagrangian The construction of the fermionic Lagrangian proceeds in two steps: the
kinetic part (4.22) and the flux term (4.28). We perform the computations in a Lorentzian signature
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for the induced worldsheet metric, and only at the end Wick-rotate back. For the kinetic term the
only new ingredient we need is the worldsheet spin connection ωαab,
ωϕ 12 = −ωϕ 21 = − 1Ω2(σ) ( cothσsinh2 σ + tanh(σ+σ0)cosh2(σ+σ0) ) , (5.36)
then, the final expression of the kinetic term turns out to be
L˜kinF = 2i Θ¯
(√
γγαβΓa eaα∂β − 12Ω(σ)
(
cothσ
sinh2 σ
+ tanh(σ+σ0)
cosh2(σ+σ0)
)
Γ4 +
Ω(σ)
2 tanh(2σ + σ0)Γ389
)
Θ. (5.37)
For the flux term (4.28), one obtains
L˜
flux
F = 2i Θ¯
(
− 1
sinh2 σ
Γ⋆τ3 − 1
cosh2(σ + σ0)
Γ⋆Γ89
)
Θ . (5.38)
The evaluation of the determinants associated to the fluctuations above is in [43].
String dual to circular Wilson loop. In the limit when θ0 → 0, the latitude on S5 shrinks
to a point, and the Wilson loop reduces to a circular one, whose string dual was studied in [9, 23].
From equations (5.22) and (5.24) the limit is equivalent to σ0 →∞ and θ → θ0 → 0, that is the string
motion is turned off on the compact space. Taking these limits in our formulas we can reconstruct the
bosonic and fermionic Lagrangian of [9,23]. We will only change the last two normal vectors N , since
in this way the normal connection A vanishes by construction (otherwise one can always perform a
rotation after to eliminate such a connection since now the corresponding field strength is flat):
N7 = (0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0) , N8 = (0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1) . (5.39)
As for the degenerate case of the folded string, here five normal vectors completely lie in S5 while AdS5
is spanned by the two transverse vectors tˆα = tα (α = 1, 2) and three normal vectors Nˆi (i = 1, 2, 3).
The rest proceeds as before, and we have
(2)R = −2 , Tr(K2) = 0 , Ω2(σ) = 1
sinh2 σ
(5.40)
M11 = −M22 = −M3t3 = m2AdS5 = 2 , Mii = −m2S5 = 0 , i = 4 , . . . , 8 .
As mentioned, the choice of vectors (5.39) allows us to immediately eliminate the connection (5.35)
without resorting to any further rotation, hence we can write
L˜kinF = 2i Θ¯
(√
γγαβΓa eaα∂β − 12cothσΓ4
)
Θ , (5.41)
L˜
flux
F = −2i
1
sinh2 σ
Θ¯ Γ⋆τ3 Θ .
We conclude this section by noticing that we have also carried on the computations for the minimal
surface dual to generalized cusped Wilson loops [18]. The quadratic Lagrangian for the string fluctu-
ations was computed in [18], and we have checked that also in this case we reproduces all the bosonic
masses of [18]. Notice that the only non-vanishing component is the σ-component
A37σ = −
√
b4p2
√
(b2 + 1) p2 − b4
sinh2 ρ(σ)
√
b4 + p2
(
b4−p2
sinh2 ρ(σ)
+ b2p2
) , (5.42)
which makes this case to fall – the solution lies both in AdS5 and S
5 – in the class of solutions discussed
around eqs. (3.66)-(3.70). As ∂τA
37
σ − ∂σA37τ = 0, and so the field-strength vanishes, bosonic masses
are described by (3.70) with one of the eigenvalues λi vanishing. Also, as mentioned in Section 4.1 a
local target space rotation can be found which eliminates the normal bundle contribution to the kinetic
part of the fermionic action (see formulas C.16-C.17 in [18]).
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